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Abstract
We show the existence and stability of solutions for a family of Dirichlet problems
−div(a(x)∣∣∇u(x)∣∣p(x)−2∇u(x))+ b(x)∣∣u(x)∣∣p(x)−2u(x) = Fku (x,u(x)),
u(x)|∂Ω = 0, u ∈ W1,p(x)0 (Ω)
with nonlinearity satisfying some local growth conditions. We construct a new duality theory which differs
from the known ones in that it does not require a type of a Palais–Smale condition.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The aim of the paper is to consider a following family of Dirichlet problems
−div(a(x)∣∣∇u(x)∣∣p(x)−2∇u(x))+ b(x)∣∣u(x)∣∣p(x)−2u(x) = Fku (x,u(x)),
u(x)|∂Ω = 0, u ∈ W 1,p(x)0 (Ω), (1.1)
where Ω ⊂ RN is a bounded region with the strong local Lipschitz property, p,q ∈ C(Ω¯),
1/p(x) + 1/q(x) = 1 for x ∈ Ω ; W 1,p(x)0 (Ω) denotes the generalized Orlicz–Sobolev space,
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Let p− = infx∈Ω p(x) > N  2, p+ = supx∈Ω p(x).
The problem that we consider as far as the existence of weak solutions is concerned has been
investigated in [2] by a Mountain Pass approach. We think that our approach being quite different
and therefore allowing for nonrestricted nonlinearities may be of some interest. Following some
ideas from [8] we construct a dual variational method which applies in super-critical case without
assuming a type of Palais–Smale conditions. The method from [8] may not be applied directly
and the main point is the new duality theory relating the action and the dual action functional
which provides the background for proving the existence of solutions. We allow for the dual
functional to depend on two variables.
Variational problems with generalized growth conditions and with both sublinear and super-
linear growth considered by using theory of monotone operators and by a Mountain Pass ap-
proach respectively have been studied in the last few years, see [5,9] and references therein. Such
problems are applied in elastic mechanics and electrorheological fluid dynamics, see [11,14] and
references therein. Paper [2] uses some ideas from [5] although it presents the problem from a
different point of view. The elliptic systems are considered in [9], where also the ideas from [5]
are applied. Contrary to the sources mentioned we will make use of the duality theory for convex
functions, see [3]. But since we need convexity of Fk (the primitive of Fku with respect to the
second variable) only on some interval, our approach seems to unite both super- and sub-critical
cases.
In case of the stability of solutions we use the approach of [7] which bases on the pioneering
works [12,13]. It should be stressed that the question of stability of solutions in case the solution
itself may not be unique, as is the case in the present paper, is rarely considered in the literature.
The problem becomes more difficult in case one may not apply a dual least action principle.
In case the dual least action principle may be used there are already some results, see [10]. To
the best knowledge of the author the stability of solutions for Dirichlet problems with p(x)-
Laplacian equation have not been considered yet in such a setting as ours.
2. The assumptions
In what follows by CS we denote the best Sobolev constant
‖u‖p(x)  CS‖∇u‖p(x) for all u ∈ W 1,p(x)0 (Ω).
Since W 1,p(x)0 (Ω) is continuously embedded into W
1,p−
0 (Ω) [4], we denote by C1 the following
constant
‖∇u‖p− C1‖∇u‖p(x). (2.1)
Since p− > N by Sobolev embedding theorem [1] we get
max
x∈Ω
∣∣u(x)∣∣ C2‖∇u‖p− for all u ∈ W 1,p−0 (Ω). (2.2)
Relation (2.2) is understood as follows: for every u ∈ W 1,p−0 (Ω) there exists u0 ∈ C(Ω) such that
u0(x) = u(x) a.e. and maxx∈Ω |u0(x)| C2‖∇u‖p− . We will identify u ∈ W 1,p
−
0 (Ω) with such
a u0 without further recalling it. Therefore by (2.1) and (2.2) for all u ∈ W 1,p(x)0 (Ω) we get
max
x∈Ω
∣∣u(x)∣∣ C2‖∇u‖p−  C1C2‖∇u‖p(x). (2.3)
We assume that
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k ∈ N and for all k = 0,1,2, . . . : Fku (· , dk),F ku (· ,−dk) ∈ L∞(Ω) and
CS esse sup
x∈Ω
∣∣Fku (x, dk)∣∣ 1, CS esse sup
x∈Ω
∣∣Fku (x,−dk)∣∣ 1, (2.4)
C1C2CS esse sup
x∈Ω
∣∣Fku (x, dk)∣∣ a0dk, C1C2CS esse sup
x∈Ω
∣∣Fku (x,−dk)∣∣ a0dk.
(2.5)
(F2) There exists positive number d > d0 such that for all k = 0,1,2, . . . and I = [−d, d]:
Fku (· , d),F ku (· ,−d) ∈ L∞(Ω), Fk(x,u) :Ω × I → R are Carathéodory functions and
convex in u for a.e. x ∈ Ω , Fku (x,u) :Ω × I → R are Carathéodory functions, Fk(x,u) :=
+∞ for (x,u) ∈ Ω × (R − I ).
(F3) Fku (x,0) = 0, for a.e. x ∈ Ω , x 	→ Fk(x,0) and x 	→ (F k)∗(x,0) are integrable on Ω .
Here (F k)∗ denotes the Fenchel–Young conjugate of Fk , see [3]. Now Fk :Ω × R → R is
convex and l.s.c.
Equation (1.1) is the Euler–Lagrange equation for a functional J k :W 1,p(x)0 (Ω) → R
Jk(u) =
∫
Ω
a(x)
p(x)
∣∣∇u(x)∣∣p(x) dx +
∫
Ω
b(x)
p(x)
∣∣u(x)∣∣p(x) dx −
∫
Ω
Fk
(
x,u(x)
)
dx.
Let W = {v ∈ Lq(x)(Ω) | divv ∈ Lq(x)(Ω)}. We investigate also the dual functional JDk :W ×
Lq(x)(Ω) → R
JDk (v,w) =
∫
Ω
(
Fk
)∗(
x,−divv(x) + w(x))dx −
∫
Ω
1
(a(x))q(x)/p(x)
1
q(x)
∣∣v(x)∣∣q(x) dx
−
∫
Ω
1
(b(x))q(x)/p(x)
1
q(x)
∣∣w(x)∣∣q(x) dx.
3. Auxiliary results
Now we will construct certain nonlinear subsets of spaces W 1,p(x)0 (Ω) and W ×Lq(x)(Ω) on
which we will look for critical points and critical values of the action and dual action functional.
We define
X¯k =
{
u ∈ W 1,p(x)0 (Ω), ‖∇u‖Lp(x)(Ω) 
dk
C1C2
, u(x) ∈ [−dk, dk] a.e.
− div(a(·)∣∣∇u(·)∣∣p(x)−2∇u(·))+ b(·)∣∣u(·)∣∣p(x)−2u(·) ∈ L∞(Ω)
}
.
We consider a set Xk such that for all u ∈ Xk the relation
div
(
a(x)
∣∣∇u˜(x)∣∣p(x)−2∇u˜(x))+ b(x)∣∣u˜(x)∣∣p(x)−2u˜(x) = Fku (x,u(x)),
u˜(x)|∂Ω = 0, u ∈ W 1,p(x)0 (Ω) (3.1)
implies u˜ ∈ Xk .
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(W
1,p(x)
0 (Ω))
∗ given by
〈
L(g),h
〉 =
∫
Ω
a(x)
∣∣∇u(x)∣∣p(x)−2∇u(x)∇g(x)dx +
∫
Ω
b(x)
∣∣u(x)∣∣p(x)−2u(x)h(x) dx
for all g,h ∈ W 1,p(x)0 (Ω) has the following properties:
Lemma 3.1. L :W 1,p(x)0 (Ω) → (W 1,p(x)0 (Ω))∗ is a continuous, bounded and strictly monotone
operator having (S+) property. Moreover it is a homeomorphism.
Property (S+) means that un → u in W 1,p(x)0 (Ω) provided un ⇀ u in W 1,p(x)0 (Ω) and
lim supn→∞〈L(un) − L(u),un − u〉 0. Therefore
Lemma 3.2. For any fixed f ∈ L∞(Ω) the Dirichlet problem
−div(a(x)∣∣∇u(x)∣∣p(x)−2∇u(x))+ b(x)∣∣u(x)∣∣p(x)−2u(x) = f (x),
u(x)|∂Ω = 0, u ∈ W 1,p(x)0 (Ω)
has a unique weak solution.
Proposition 3.3. Assume (F1)–(F3). Then Xk = X¯k .
Proof. We take any h ∈ X¯k . The solution u ∈ W 1,p(x)0 (Ω) to
−div(a(x)∣∣∇u(x)∣∣p(x)−2∇u(x))+ b(x)∣∣u(x)∣∣p(x)−2u(x) = Fku (x,h(x)),
u(x)|∂Ω = 0 (3.2)
exists by Lemma 3.2. Indeed, by (F1)–(F3) we get Fku (x,−dk)  Fku (x,h(x))  Fku (x, dk) for
a.e. x ∈ Ω for any h ∈ X¯k . Thus Fku (· , h(·)) ∈ L∞(Ω). Multiplying (3.2) by u(x) and calculating
integrals we have∫
Ω
a0
∣∣∇u(x)∣∣p(x) dx 
∫
Ω
a(x)
∣∣∇u(x)∣∣p(x) dx

∫
Ω
a(x)
∣∣∇u(x)∣∣p(x) dx +
∫
Ω
b(x)
∣∣u(x)∣∣p(x) dx
max
{∫
Ω
∣∣Fku (x, dk)u(x)∣∣dx,
∫
Ω
∣∣Fku (x,−dk)u(x)∣∣dx
}
 dk
CSC1C2
∫
Ω
∣∣u(x)∣∣dx 
(
1
p−
+ 1
q−
)
‖1‖q(x) dka0
CSC1C2
‖u‖p(x).
So ∫ ∣∣∇u(x)∣∣p(x) dx  dk
C1C2
‖∇u‖p(x).
Ω
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∫
Ω
|∇u(x)|p(x) dx  1 we obtain for ‖∇u‖p(x)  1 and by the assump-
tions that ‖∇u‖p+−1p(x) 
∫
Ω
|∇u(x)|p(x) dx  dk
C1C2
:
‖∇u‖p(x)  dk
C1C2
. (3.3)
If
∫
Ω
|∇u(x)|p(x) dx  1 we get ‖∇u‖p(x)  1 and
∫
Ω
|∇u(x)|p(x) dx  ‖∇u‖p−p(x)  ‖∇u‖2p(x)
so we have (3.3). Using inequality (2.3) we obtain dk
C1C2
 ‖∇u‖p(x)  1C1 ‖∇u‖p− 
1
C1C2
maxx∈Ω |u(x)|  1C1C2 |u(x)| for all x ∈ Ω . Therefore |u(x)|  dk . Thus u ∈ X¯k and we
may put Xk = X¯k . 
The dual functional JDk will be considered on a set Xdk which is a set of these (v,w) ∈
W × Lq(x)(Ω) for which there exists u ∈ Xk such that
a(x)
∣∣∇u(x)∣∣p(x)−2∇u(x) = v(x), b(x)∣∣u(x)∣∣p(x)−2u(x) = w(x).
J and JDk are well defined on Xk and Xdk due to the following
Lemma 3.4. Assume (F1)–(F3). For all k = 0,1,2, . . . there exist constants γk, ηk > 0 such that
| ∫
Ω
Fk(x,u(x)) dx|  γk for all u ∈ Xk and
∫
Ω
(F k)∗(x,−divv(x) + w(x)) dx  ηk for all
(v,w) ∈ Xdk .
Proof. The second assertion follows since x 	→ Fk(x,0) is integrable on Ω and by inequality(
Fk
)∗(
x,−divv(x) + w(x))+ Fk(x,0) 0.
In order to prove the first assertion we observe that by convexity and by some arguments from
the proof of Proposition 3.3 and definition of Xk we get what follows∣∣∣∣
∫
Ω
Fk
(
x,u(x)
)
dx
∣∣∣∣

∣∣∣∣
∫
Ω
Fk(x,0) dx
∣∣∣∣+ max
{∫
Ω
∣∣Fku (x,u(x))u(x)∣∣dx,
∫
Ω
∣∣Fku (x,0)u(x)∣∣dx
}

∣∣∣∣
∫
Ω
Fk(x,0) dx
∣∣∣∣+ 1CS
(
dka0
C1C2
)2
= γk. 
We will investigate J on a set Xk and JDk on a set Xdk . On these sets we look for critical
values and critical points of both functionals. Having established the relationships between the
relevant critical points we get the solution to (1.1).
4. The existence of solutions
Theorem 4.1. Assume (F1)–(F3). For all k = 0,1,2 . . . there exists (uk, vk,wk) ∈ Xk ×Xdk such
that
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(
x,uk(x)
)
, (4.1)
a(x)
∣∣∇uk(x)∣∣p(x)−2∇uk(x) = vk(x), (4.2)
b(x)
∣∣uk(x)∣∣p(x)−2uk(x) = wk(x). (4.3)
Moreover
inf
(v,w)∈Xdk
JDk (v,w) = JDk (vk,wk) = Jk(uk) = inf
u∈Xk
Jk(u). (4.4)
Proof. We fix k = 0,1,2, . . . . We first show that Jk is bounded from below on Xk . From
Lemma 3.4 it follows that
Jk(u) =
∫
Ω
a(x)
p(x)
∣∣∇u(x)∣∣p(x) dx +
∫
Ω
b(x)
p(x)
∣∣u(x)∣∣p(x) dx −
∫
Ω
Fk
(
x,u(x)
)
dx −γk.
Now we may find a minimizing sequence {unk }∞n=1 for the restriction of functional Jk to set Xk .
Due to the properties of set Xk this sequence may be assumed to be weakly convergent in
W
1,p(x)
0 (Ω) and therefore, up to a subsequence, strongly in L
p−(Ω) since W 1,p(x)0 (Ω) is em-
bedded into W 1,p
−
0 (Ω). Thus the sequence {unk }∞n=1 contains a subsequence convergent a.e.
We denote this subsequence by {unk }∞n=1 and its limit by uk . We observe that uk ∈ Xk . In-
deed, ‖∇unk‖Lp(x)(Ω)  dkC1C2 for all n and lim infn→∞ ‖∇unk‖Lp(x)(Ω)  ‖∇uk‖Lp(x)(Ω). There-
fore ‖∇uk‖Lp(x)(Ω)  dkC1C2 . By definition of sequence {unk }∞n=1 we also get |unk(x)| dk . Since{unk}∞n=1 is convergent almost everywhere, we get uk(x) ∈ [−dk, dk].
We may now observe that Jk is weakly lower semicontinuous on Xk . Indeed,
W
1,p(x)
0 (Ω)  u →
∫
Ω
a(x)
p(x)
∣∣∇u(x)∣∣p(x) dx +
∫
Ω
b(x)
p(x)
∣∣u(x)∣∣p(x) dx ∈ R
being convex and lower semicontinuous is weakly lower semicontinuous [3]. Since
lim
n→∞
∫
Ω
Fku
(
x,unk(x)
)
dx =
∫
Ω
Fku
(
x,uk(x)
)
dx
we get lim infn→∞ Jk(unk) Jk(uk). Thus Jk(uk) = infu∈Xk Jk(u).
We now show that
inf
(v,w)∈Xdk
JDk (v,w) = inf
u∈Xk
Jk(u). (4.5)
We consider a functional J #k :Xk × Xdk → R given by the formula
J #k (u, v,w) =
∫
Ω
(
Fk
)∗(
x,−divv(x) + w(x))dx +
∫
Ω
1
p(x)
a(x)
∣∣∇u(x)∣∣p(x) dx
+
∫
Ω
1
p(x)
b(x)
∣∣u(x)∣∣p(x) dx −
∫
Ω
∇u(x)v(x) dx −
∫
Ω
u(x)w(x)dx.
We observe that for all u ∈ Xk
inf
(v,w)∈Xd
J #k (u, v,w) = Jk(u) (4.6)k
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inf
u∈Xk
J #k (u, v,w) = JDk (v,w). (4.7)
To show (4.6) we fix u ∈ Xk and obtain by Fenchel–Young inequality
sup
(v,w)∈Xdk
∫
Ω
(
u(x)
(−divv(x) + w(x))− (Fk)∗(x,−divv(x) + w(x)))dx

∫
Ω
Fk
(
x,u(x)
)
dx. (4.8)
For a given u ∈ Xk there exists u˜ ∈ Xk such that (3.1) holds. Therefore there exists (v˜, w˜) ∈ Xdk
satisfying −div v˜(x) + w˜(x) = Fk(x,u(x)) which by convexity provides∫
Ω
u(x)
(−div v˜(x) + w˜(x))dx −
∫
Ω
(
Fk
)∗(
x,−div v˜(x) + w˜(x))dx
= Fk(x,u(x)). (4.9)
Therefore equality holds in (4.8) and (4.6) follows.
To show (4.7) we fix (v,w) ∈ Xdk . We obtain by Fenchel–Young inequality
sup
u∈Xk
{∫
Ω
v(x)∇u(x)dx −
∫
Ω
1
p(x)
a(x)
∣∣∇u(x)∣∣p(x) dx
+
∫
Ω
u(x)w(x)dx −
∫
Ω
1
p(x)
b(x)
∣∣u(x)∣∣p(x) dx
}

∫
Ω
1
(a(x))q(x)/p(x)
1
q(x)
∣∣v(x)∣∣q(x) dx +
∫
Ω
1
(b(x))q(x)/p(x)
1
q(x)
∣∣w(x)∣∣q(x) dx. (4.10)
By definition of Xdk we get that there exists u˜ ∈ Xk such that a(x)|∇u˜(x)|p(x)−2∇u˜(x) = v(x),
b(x)|u˜(x)|p(x)−2u˜(x) = w(x). Thus we get∫
Ω
u˜(x)w(x)dx −
∫
Ω
1
p(x)
b(x)
∣∣u˜(x)∣∣p(x) dx =
∫
Ω
1
(b(x))q(x)/p(x)
1
q(x)
∣∣w(x)∣∣q(x) dx,
∫
Ω
v(x)∇u˜(x) dx −
∫
Ω
1
p(x)
a(x)
∣∣∇u˜(x)∣∣p(x) dx =
∫
Ω
1
(a(x))q(x)/p(x)
1
q(x)
∣∣v(x)∣∣q(x) dx.
Therefore equality holds in (4.10) and relation (4.7) follows.
By (4.6) and (4.7) we obtain
inf
u∈Xk
Jk(u) = inf
u∈Xk
inf
(v,w)∈Xdk
J #k (u, v,w) = inf
(v,w)∈Xdk
inf
u∈Xk
J #k (u, v,w) = inf
(v,w)∈Xdk
JDk (v,w).
Since uk ∈ Xk and by (3.1) we may take (vk,wk) ∈ Xdk such that (4.1) holds. By the Fenchel–
Young inequalities∫
Ω
1
p(x)
b(x)
∣∣uk(x)∣∣p(x) dx 
∫
Ω
uk(x)wk(x) dx −
∫
Ω
1
(b(x))q(x)/p(x)
1
q(x)
∣∣wk(x)∣∣q(x) dx,
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∫
Ω
1
p(x)
a(x)
∣∣∇uk(x)∣∣p(x) dx

∫
Ω
vk(x)∇uk(x) dx −
∫
Ω
1
(a(x))q(x)/p(x)
1
q(x)
∣∣vk(x)∣∣q(x) dx (4.11)
and by relation similar to (4.9) we get Jk(uk)  JDk (vk,wk). By (4.5) it follows that Jk(uk) 
inf(v,w)∈Xdk JDk (v,w)  JDk (vk,wk). Hence Jk(uk) = JDk (vk,wk) and by a direct calculation
we have∫
Ω
1
p(x)
b(x)
∣∣uk(x)∣∣p(x) dx +
∫
Ω
1
p(x)
a(x)
∣∣∇uk(x)∣∣p(x) dx
=
∫
Ω
uk(x)wk(x) dx −
∫
Ω
1
(b(x))q(x)/p(x)
1
q(x)
∣∣wk(x)∣∣q(x) dx
+
∫
Ω
vk(x)∇uk(x) dx −
∫
Ω
1
(a(x))q(x)/p(x)
1
q(x)
∣∣vk(x)∣∣q(x) dx.
Thus we have actually equalities in (4.11). Therefore (4.2) and (4.3) hold. Assertion (4.4) follows
by (4.5) and since JDk (vk,wk) = Jk(uk). 
Corollary 4.2. Assume (F1)–(F3). For all k = 0,1,2, . . . there exists uk ∈ Xk such that
−div(a(x)∣∣∇uk(x)∣∣p(x)−2∇uk(x))+ b(x)∣∣uk(x)∣∣p(x)−2uk(x) = Fku (x,uk(x)),
uk|∂Ω = 0,
Jk(uk) = inf
u∈Xk
Jk(u).
5. Stability of solutions
Theorem 5.1. Assume (F1)–(F3). We assume that for all u ∈ X0 there exists a subsequence
{ki}∞i=1 such that limi→∞ Fkiu (x,u(x)) = F 0u (x,u(x)) weakly in Lp(x)(Ω). For each k = 0,1,
2, . . . there exists a solution uk to problem (1.1). There exists a subsequence {ukn}∞n=1 of the
sequence {uk}∞k=1 and u¯ ∈ X0 such that
ukn → u¯, strongly in W 1,p(x)0 (Ω), ukn ⇒ u¯,
and
−div(a(x)∣∣∇u¯(x)∣∣p(x)−2∇u¯(x))+ b(x)∣∣∇u¯(x)∣∣p(x)−2∇u¯(x) = F 0u (x, u¯(x)),
u¯(x)|∂Ω = 0.
Proof. By Corollary 4.2 it follows that for each k = 0,1,2,3, . . . there exists uk ∈ W 1,p(x)0 (Ω)
satisfying (1.1). Due to the fact that Xk ⊂ X0 it follows that the sequence {∇uk}∞k=1 is bounded in
Lp(x)(Ω) and we may choose a weakly convergent subsequence in W 1,p(x)0 (Ω) which up to sub-
sequence may be assumed to be strongly convergent in Lp−(Ω). We denote its limit by u¯. By the
assumptions we may take a subsequence {ki}∞ such that limi→∞ Fkiu (x, u¯(x)) = F 0u (x, u¯(x))i=1
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Due to (2.5) we get
esse sup
x∈Ω
∣∣Fku (x, u¯(x))− F 0u (x, u¯(x))∣∣ 2a0d0C1C2CS . (5.1)
Moreover, by (5.1) and definition of Xk we obtain that{−div(a(·)∣∣∇uk(·)∣∣p(x)−2∇uk(·))+ b(·)∣∣uk(·)∣∣p(x)−2uk(·)}∞k=1
is weakly convergent in Lq(x)(Ω) and also {−div(a(·)|∇uk(·)|p(x)−2∇uk(·))}∞k=1 is weakly con-
vergent in Lq(x)(Ω) up to a subsequence, to a certain function d ∈ Lp(x)(Ω). In what follows in
certain parts of the proof we will omit writing x under the integral sign. Thus∫
Ω
〈−div(a(x)|∇uk|p(x)−2∇uk)− div(a(x)|∇u¯|p(x)−2∇u¯), uk − u¯〉dx → 0.
Hence by the fact that operator −div(a(·)|∇u(·)|p(·)−2∇u(·)) + b(·)|u(·)|p(·)−2u(·) has (S)+
property it follows by using the same argument as in the proof of Theorem 3.1 [5] that {∇uk}∞k=1
is strongly convergent in W 1,p(x)0 (Ω). By (2.3) it follows that ukn ⇒ u¯, possibly up to a subse-
quence which we denote by {uk}∞k=1.
We will next prove that
−div(a(x)∣∣∇u¯(x)∣∣p(x)−2∇u¯(x))+ b(x)∣∣u¯(x)∣∣p(x)−2u¯(x) = F 0u (x, u¯(x)).
By convexity of Fk we get for any u ∈ W 1,p(x)0 (Ω)∫
Ω
〈
Fku
(
x,uk(x)
)− Fku (x,u(x)), uk(x) − u(x)〉dx  0.
By Corollary 4.2∫
Ω
〈−div(a(x)|∇uk|p(x)−2∇uk)+ b(x)|uk|p(x)−2uk − Fku (x,u),uk − u〉dx  0.
Since uk → u¯ strongly in Lp(x)(Ω) and Fku (· , u(·)) ⇀ F 0u (· , u(·)) weakly in Lq(x)(Ω) we easily
get that∫
Ω
〈−Fku (x,u(x)), uk(x) − u(x)〉dx →
∫
Ω
〈−F 0u (x,u(x)), u¯(x) − u(x)〉dx.
Moreover∫
Ω
〈−div(a(x)|∇uk|p(x)−2∇uk),−u(x)〉dx =
∫
Ω
〈
a(x)|∇uk|p(x)−2∇uk,−∇u
〉
dx
→
∫
Ω
〈
a(x)|∇u¯|p(x)−2∇u¯,−∇u〉dx =
∫
Ω
〈−div(a(x)|∇u¯|p(x)−2∇u¯),−u〉dx.
We further observe that
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∫
Ω
〈−div(a(x)|∇uk|p(x)−2∇uk), uk 〉dx =
∫
Ω
a(x)|∇uk|p(x) dx
→
∫
Ω
a(x)|∇u¯|p(x) dx =
∫
Ω
〈−div(a(x)|∇u¯|p(x)−2∇u¯), u¯〉dx
and by the same reasoning∫
Ω
〈
b(x)|uk|p(x)−2uk,uk
〉
dx =
∫
Ω
b(x)|uk|p(x) dx
→
∫
Ω
b(x)|u¯|p(x) dx =
∫
Ω
〈
b(x)|u¯|p(x)−2u¯, u¯〉dx.
Hence∫
Ω
〈−div(a(x)|∇u¯|p(x)−2∇u¯)+ b(x)|u¯|p(x)−2u¯ − F 0u (x,u), u¯ − u〉dx  0 (5.2)
for any u ∈ W 1,p(x)0 (Ω).
Now we apply the Minty “trick,” i.e. we consider the points u¯ + tu, where u ∈ W 1,p(x)0 (Ω),
u(x) ∈ [−d0, d0] a.e. and t > 0 such that u¯(x) + tu(x) ∈ I a.e. By inequality (5.2) we obtain∫
Ω
〈−div(a(x)|∇u¯|p(x)−2∇u¯)+ b(x)|u¯|p(x)−2u¯ − F 0u (x, u¯ + tu), u〉dx  0.
Since function t 	→ ∫
Ω
〈F 0u (x, u¯(x) + tu(x)), u(x)〉dx is continuous at any sufficiently small t ,
we obtain
0 lim
t→0
∫
Ω
〈−div(a(x)|∇u¯|p(x)−2∇u¯)+ b(x)|u¯|p(x)−2u¯ − F 0u (x, u¯ + tu), u〉dx
=
∫
Ω
〈−div(a(x)|∇u¯|p(x)−2∇u¯)+ b(x)|u¯|p(x)−2u¯ − F 0u (x, u¯), u〉dx.
Hence by (5.2) we obtain that
−div(a(x)∣∣∇u¯(x)∣∣p(x)−2∇u¯(x))+ b(x)∣∣u¯(x)∣∣p(x)−2u¯(x) = F 0u (x, u¯(x)) a.e. 
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